Abstract: There is an increasing interest in nonlinear supersymmetries in cosmological model building. Independently, elegant expressions for the all-tree amplitudes in models with nonlinear symmetries, like D3 brane Dirac-Born-Infeld-Volkov-Akulov theory, were recently discovered. Using the generalized background field method we show how, in general, nonlinear symmetries of the action, bosonic and fermionic, constrain amplitudes beyond soft limits. The same identities control, for example, bosonic E 7(7) scalar sector symmetries as well as the fermionic goldstino symmetries.
Introduction
The concept of a symmetry of the action was introduced into physics by Emmy Noether [1] . Noether theorem relates the global symmetries of the action to the conservation laws. It is interesting that the actions used in the original work can have any number of derivatives and still under certain conditions specified in [1] one finds a conservation of the Noether current, once the Euler-Lagrange field equations are satisfied, even when the relevant actions have an infinite number of derivatives 1 . Noether transformations laws acting on the fields can be linear or nonlinear, or some combination of these. In case that Noether symmetries involve dualities and a transformation of the vector field strength's, things are more subtle and this was explained in [4] , where the relevant Noether-Gaillard-Zumino identities were introduced. In this paper we will not include duality symmetry involving vectors, and consider only a standard Noether type set up.
Meanwhile the development of QFT and the success of the standard model in particle physics focused the main attention to linearly realized local gauge symmetries, starting with Ward-Takahashi identities in QED in [5, 6] with a continued success in the case of spontaneously broken non-Abelian gauge symmetries.
Linear symmetries, where the infinitesimal transformations of the fields have a fieldindependent term and a term linear in the field, were studied intensely classically and in quantum theory. It is well known how to construct amplitudes with account of quantum corrections taking into account the corresponding Ward identities, following from linear symmetries, including supersymmetries, see for example [7] . Much less is known about the amplitudes in models with nonlinear symmetries, where the transformations of the fields has a field-independent constant term, a term linear in the field, and also higher powers of the field, starting with terms quadratic in fields. Global nonlinear symmetries of the action are associated with Noether theorem and it is believed that soft limit of amplitudes represents the nonlinear supersymmetries.
The recent interest to nonlinear symmetries, especially nonlinear supersymmetries, originate from the fact that constrained superfields describing Volkov-Akulov (VA) type models, [8, 9] are interesting for cosmology. The nonlinear supersymmetry transformation and a translation symmetry of goldstino is
The nonlinear supersymmetry transformation has a constant spinor term ζ and a term with ζ quadratic in goldstino, as well as translation with a parameter ξ µ which is linear in goldstino. The models of this class are very useful for describing dark energy and inflation, see for 1 See [2, 3] for a recent analysis of Noether theorems.
example, [10] [11] [12] . In particular, de Sitter supergravity was constructed by promoting VA supersymmetry to a local symmetry, [13] [14] [15] [16] . A maximally supersymmetric extension of VA theory is given by a D3 brane action, and explicit d=4 Dirac-Born-Infeld-Volkov-Akulov model (DBI-VA), is presented in [17] , see Appendix A for a short review. It has 4 deformed Maxwell type supersymmetries and 4 nonlinear VA type supersymmetries. It was recently shown in [18, 19] , that with regard to nonlinear symmetries all these fields belong to constrained (partnerless) multiplets. This is despite the fact that at the linear level the model has Maxwelltype N = 4 linear supersymmetry. Meanwhile, an independent progress was recently made in studies of amplitudes in models with nonlinear symmetry. The first results on amplitudes and their single and double soft limits in models with fermionic VA nonlinear symmetries were obtained in [20] . More recently, the amplitudes were studied in NLSM (nonlinear sigma models) and their supersymmetric version, VA models and DBI-VA model [17] , see [21] [22] [23] for the most recent progress on amplitudes in these class of models. A significant role in these new constructions is played by soft theorems and recursion relations, see for example [20] [21] [22] [23] [24] [25] [26] . However, it is not quite clear how exactly all newly discovered features of these amplitudes are related to nonlinear supersymmetry. For example in [21] it was suggested that the double-soft theorems in DBI-VA theory will provide clues for the 'mysterious nonlinearly realized (super)symmetries of the theory'.
An example of the E 7(7) transformation on scalars in N = 8 supergravity is, in notation of [27] δy = Σ + yΛ − Λy − yΣy .
Here y is an inhomogeneous coordinate of the
SU (8) coset space, Σ is a constant, an offdiagonal part of the element of E 7(7) and finally,Λ and Λ represent a linear SU (8) part.
In both cases the symmetry transformation has constant field-independent terms, ζ in VA case and Σ in E 7(7) case, there is a linear term, translation in VA model and SU (8) symmetry in N = 8 supergravity, as well as quadratic in fields, (ψσ ρζ − ζσ ρψ )∂ ρ ψ α in VA case and yΣy in N = 8 supergravity.
The purpose of this paper is to study a general effect of nonlinear symmetry of the action on the S-matrix. We will generalize here the background field method 2 and the abstract formalism of Bryce DeWitt [29] 3 for the case of nonlinear symmetries. DeWitt's formalism was developed in the past mostly for linearly realized gauge symmetries in quantum field theories like non-Abelian Yang-Mills theory and gravity, see for example, [32] [33] [34] [35] . A prediction for the 2-loop gravity in [32] based on background field method for the R 3 UV divergence was confirmed and a non-vanishing UV divergence coefficient was found in [34] and confirmed later still using the background field method in a different gauge in [35] . Recently the result was confirmed in amplitude computations, using special evanescent effects in [36] . The basic feature of gauge theories, like the non-Abelian symmetry and gravity, is that the off-shell local symmetry transformations remain the same with and without adding to the action terms with higher derivatives. For example, the gauge symmetry of the non-Abelian gauge field
is obviously linear in the field A µ . The symmetry transformation of the metric is linear in the metric g µν , when the proper choice of variables is made [29] 
But the most important feature here is that in both non-Abelian gauge theory and gravity the symmetry transformations (1.3) and (1.4) are the same whether the classical action is used or higher derivative terms are added. The form of the gauge symmetries is not affected by the changes in the action when terms are added to classical action to absorb the potential UV divergences. The structure of counterterms is defined by the gauge symmetry in the background field method, which is just a simplified form of the Ward identities [29] [30] [31] [32] [33] .
In supergravity the off-shell local supersymmetry transformations are action independent only in case that auxiliary fields are known, which is at N ≤ 2. The construction of supergravity counterterms, as initiated in [37, 38] , based on on-shell classical superspace, appears to be naive in this respect. Namely, it was more recently shown in [39] , using N = 2 supergravity with higher derivatives, that when auxiliary fields are integrated out, the supersymmetry transformations of the physical fields are deformed due to presence of higher derivative terms. This fact makes the predictions of counterterms, based on on-shell classical superspace for N ≥ 3, inconclusive.
The nonlinear global symmetries of the classical action, in general, have not been carefully and systematically investigated with the purpose to find out how they constrain the UV divergences, or even how they constrain the tree level theory. In supergravity models, in addition to local linear symmetries, there are global nonlinear symmetries, e. g. the E 7 (7) in N = 8 supergravity. These symmetries are poorly understood, the lore being that they affect only the soft limit on amplitudes. The current conclusion in [40] is that starting with 7 loops the candidate counterterms are not forbidden by the soft limit on scalars due to E 7(7) symmetry. Meanwhile the effect of the E 7(7) symmetry in the vector sector was also studied in [41] [42] [43] [44] [45] . A better understanding of the complete consequences of E 7(7) symmetry for N = 8 supergravity would be desirable.
One of the advantages of the background field method is that the classical symmetries of the action are associated with the symmetries of the background field in the context of the effective action. They restrict tree level amplitudes and might, in absence of anomalies, restrict the quantum action. In this paper we will make the first step towards extending the background field method to global nonlinearly realized symmetries. This step will be sufficient to treat models like DBI-VA model and, partially, N = 8 supergravity with E 7(7) symmetry, with exception of vectors, using the general background formalism which will be developed here.
Review of Linear Gauge Symmetries
In DeWitt's formalism the set of fields φ i includes all fields of a given model, summation convention for repeated indices include integrations over the x, space-time coordinates. The action S(φ) = d 4 xL(φ) is invariant under a local symmetry.
The linear gauge symmetry of the action in the general formalism of DeWitt is a statement that the action is invariant under the transformations
Examples are given in (1.3) and in (1.4). The gauge symmetry of the action in these notation means that
Here the lhs of EOM is defined as follows (in absence of higher derivatives)
Here we use the fact that the parameter of the gauge transformations ξ α = ξ α (x) is a function of x and therefore can be dropped from the statement that δS(φ) = 0. The linear symmetry means that
where the function R i α (φ) has a field independent part R i α (0) and a linear part R i α,j (0)φ j where R i α,j is field independent. The local symmetries of the action form an algebra:
Here the notation {· · · ] indicates that some elements in the algebra can be bosonic and some fermionic. In case of non-Abelian gauge theory and/or gravity models, the inhomogeneous part R i α (0) is a differential operator, a field-independent part of the gauge transformation,
The term linear in fields in (2.4) depends only on the first power of the field. The action has a quadratic part and an interaction part,
The functions S ,i 1 ...in are functional derivatives of the action over the fields, and therefore they are local functions. Amplitudes are computed for the on-shell S-matrix and the symmetry acting on a solution of the free field equations has to be used. These are asymptotic symmetries of the form
Namely, consider the linearised action
,ij φ j , the free field satisfies the free equations of motion
Even when terms with higher derivatives are added to the classical action, we expect that such terms start with at least 3 powers of the field, (the terms with 2 powers would break unitarity) and thus, do not affect the form of the asymptotic free equation. Assuming that φ j 0 describes a physical state, for example the transverse physical vectors and transverse traceless gravitons, we may ignore the field-independent part of the symmetry. This will be dramatically different in case of nonlinear symmetries where R i α (0) is a constant matrix and ξ α is a bosonic or fermionic constant parameter.
The important part which controls the properties of the S-matrix for linear symmetries is the second term in (2.7), which for free fields entails the following homogeneous transformatioñ
where R i α,j is a constant matrix. For example, in case of a linearized local supersymmetry, this transformation explains why the n-point amplitude with a fixed number of points has information about all members of the susy multiplet, one physical state being transformed into another physical state, starting from helicity +2 all the way to helicity −2 in N = 8 supergravity. Also in global supersymmetry case, the amplitude with a fixed number of points has information about all members of the susy multiplet from helicity +1 all the way to helicity −1 in N = 4 YM theory. In this case the algebra (2.5) is the linear global supersymmetry algebra.
With regard to restrictions on the quantum action, the linear gauge symmetries are known to constrain UV divergences which is a rather well known procedure of implementing Ward identities on higher derivative counterterms. For example, the form of the UV loop divergences in super-YM theory and gravity was deduced using the background field method [29] and confirmed by actual computation, [31] [32] [33] [34] [35] .
Note that in contrast to nonlinear symmetries, the linear symmetries do not involve a constant term in the transformation rules and also have a property
i.e. there are no quadratic or higher powers of the fields in the transformation rules.
General nonlinear global symmetry models
Here we will develop the background field method for global nonlinear symmetry, which can be bosonic or fermionic. In global symmetry
the parameters ξ α are space-time independent, bosons for bosonic symmetries and fermions for fermionic ones. The nonlinearity means that in addition to a field independent and first order in field as in (2.4), the transformation has higher order in field terms, at least quadratic
When the action has a symmetry under some global transformation of fields, it means that the variation of the Lagrangian under global symmetries is a total derivative and can be presented in the form
where the Noether current is defined
Thus, when EOM following from the given action are satisfied, the current conservation follows
Under appropriate boundary conditions one finds that
Note that here R i α (φ) are some local nonlinear functions of the field φ. The nonlinear symmetry is associated with spontaneous symmetry breaking, which means that the transformation law has a constant field-independent part R i α (0)ξ α . The transformations form some open algebra
The first term here defined by the structure constants is the usual one, the second term in the case of nonlinear symmetries, proportional to field equations, often shows up in nonlinear supersymmetries, see for example [46] for Goldstino action.
S-matrix
The path integral describing the S-matrix is given by the following expression
Here Γ(φ 0 ) describes a functional for all connected S-matrix amplitudes.
For example, the 4-point S-matrix amplitude is A i 1 i 2 i 3 i 4 , the 6-point S-matrix amplitude is
The field φ i 0 is a solution of the free equations of motion (2.8). In case that also gauge symmetries are present, the corresponding gauge-fixing procedure is in order. We will focus here on a case without local symmetries 4 but with nonlinear global symmetries. The background field φ satisfies classical field equations
see, [29, 30] , [32] . The right hand side of the equation of motion δS δφ i is viewed as an operator: if this equation is applied to an object X i = G ik Y k which has a pole, we find
Here G ij is a free propagator, inverse to a differential operator S ,ij 0 ,
As discussed above, even with higher derivatives terms added, S ,ij 0 should not be modified, to preserve unitarity. The background field φ(φ 0 ), which solves eq. (3.10) is defined by iteration
We can also write (3.12) as
Note that the background field defined above as a function of the free field does depend on the additional terms in the action with higher derivatives, which affect S int . The iterated solution of (3.12) for the background field φ, which is functional of a free field φ 0 , yields all tree functions
see, for example, eq. (14.2) in [29] . Here the tree functions t ji 1 ...in are given by a set of propagators, describing the tree, they are highly non-local.
The path integral defining all tree diagrams is given by the following expression, [29] , [32] 
where the background field φ is given as a functional of the free field φ[φ 0 ] as defined in (3.14) . This is just a saddle point expansion of the path integral where all loop corrections are neglected. All connected tree diagrams are given by the functional presented in eq. (3.9).
As we have shown, in terms of the background field φ = φ[φ 0 ] the sum of all n-point amplitudes can be also given in the form
As a function of the background field φ the S-matrix functional, which is a sum of all amplitudes, is invariant under a nonlinear symmetry (3.1). Thus, the sum of all n-point amplitudes A i 1 ...in (local and non-local parts) has to produce an expression above in (3.16) which has a complete information on the nonlinear symmetry of the theory and its algebra (3.7). Moreover, as a function of the background field, it is a local expression.
This means that various soft theorems inferred from explicitly constructed amplitudes A i 1 ...in originate from a universal eq. (3.16). In other words: a relation between amplitudes with different number of points, which was often times obtained in the literature using explicit expressions for A i 1 ...in in different models, actually follows from the fact that all these n-point amplitudes have to sum up into an expression in the rhs of eq. (3.16), which is invariant under nonlinear symmetry transformations. These, in turn, inevitably, relate amplitudes with different number of points, since the constant term in δφ decreases this number, the linear term preserves it, a quadratic term increases the number of points by one, etc. Moreover, when φ is replaced by the full tree formula (3.14) in terms of the free field, the relations between different point amplitudes become even more involved.
It has been observed in [47, 48] that for N = 8 supergravity the double-soft limit of two scalars probes the coset space structure of the spontaneously broken E 7(7) symmetries producing an unbroken SU (8) symmetry. Not accidentally, therefore, the soft limit theorems were associated with the 'footprints' of the nonlinear symmetries in [49] . An analogous property of the double-soft limits in VA theory were observed in amplitudes computed in [20] . Here we would like to find out if this feature of the double-soft limit follows from the nonlinear symmetry, in general.
Nonlinear symmetry of the background field versus linear symmetry of the free field
The nonlinear global symmetry of the action S(φ) for the background field φ solving classical equations of motion (3.10), or more complicated ones in case of higher derivative terms added to the classical action, is defined by the expression in (3.1). We are interested in asymptotic symmetry of the free field φ 0 satisfying eq. (2.8). In the asymptotic limit action only the quadratic term survives:
A zero mode of the eq. S ,ij 0 δφ i 0 = 0 is therefore the symmetry of the free field. It is also an asymptotic limit of the full symmetry of the action, thus the transformation of the free field include the terms of the zero and first power in field, namely
The new situation here, comparative to linear symmetries we discussed in sec. 2. is the case that the free field is shifted by a boson, for a bosonic field, and by a fermion, for a fermionic field. δ shift ξ
by the first term in eq. (3.18). In case of linear symmetries in gauge theories, YM and gravity, the field independent term correspond to a free gauge transformation and is trivial for transverse vectors and gravitons. For example, δA µ = ∂ µ Λ in general, but if the free field is transverse, δA transverse µ = 0 and we find that the field independent part of the transformation vanishes for the physics state described by the solution of the free field equation,
Now, in case of global nonlinear symmetries, we consider an opposite case, the effect of the field-independent shift of the free field is not trivial, i. e.
This transformation is the essence of spontaneous symmetry breaking, when there is a fieldindependent term in the transformation rules. Now the symmetry under (3.18) is a symmetry of the S-matrix functional Γ(φ 0 ) in (3.15) under asymptotic symmetry of the free field,
Thus, the asymptotic linear symmetry means that
Since the first term decreases the number of fields by one, and the second term preserves it, we find a relation between the n-point amplitude and the (n − 1)-point amplitude:
Here the symmetry transformation of the asymptotic free field (3.18), codified by the expressions R i α (0) and R i α,j (0) is the only ingredient in the relations between the n-point and n − 1 point amplitudes.
Simple case of 'even only' amplitudes
Consider the models where only even amplitudes are non-vanishing, n = 2k where k is an integer. For example all-fermion amplitudes, or other models where odd number of points in the amplitude is not possible 5 . This class of models was recently studied in [21] , [22] . They include U (N ) nonlinear sigma model (NLSM), DBI-VA model and some other models.
The asymptotic linear symmetry of the amplitude functional in case of even amplitudes, n = 2k, is reduced to the following two constraints. In terms of connected tree diagrams in (3.9) the statement in (3.21)-(3.23) means that separately we find restrictions on n = 2k amplitude. The first from the shift part, the second from the homogeneous part
Adler's zero, for bosons and fermions
The symmetry of the S-matrix under the shift δ shift under the shift is the statement about Adler's zero [50] , [51] for any bosonic or fermionic symmetry which has a constant field independent term in the symmetry transformation. The linear symmetry of the amplitude functional in case of even amplitudes, n = 2k where k is integer, is reduced to the following two constraints. In terms of connected tree diagrams in (3.9) the statement in (4.3) means that as shown in eq. (4.1), when one of the free fields φ in 0 (x) in the effective action for the n-point amplitude is replaced by a constant R in α (0)ξ α , the amplitude vanishes. This means in the momentum space that in a single soft limit every n-point amplitude vanishes.
Thus, for models with only even amplitudes, like the DBI-VA model, the VA model, the U (N ) nonlinear sigma model etc, we just proved that they have Adler's zero in a single soft limit for all states whose symmetry transformation contains a constant term. In DBI-VA model there are such constant shifts in VA supersymmetry of fermions, there is a shift by a constant on scalars and on vectors, since the action depends only on derivatives of scalars and vectors, see Appendix for details. Thus we conclude that in DBI-VA model the amplitudes vanish in the single soft limit for any physical state.
The simplicity and universality of this derivation is surprising. The original VolkovAkulov derivation of the Adler's zero in [52] involves a significant amount of work, but the tools did not involve the background field method. The single and double soft limit of VA theory were also studied in [53] , where it was shown, for the first time, that the double soft limit is defined by the symmetry commutators.
It is also interesting that in the DBI-VA model studied recently in [21] , [22] the single soft limit for any choice of external states vanishes. To see this one can use the first columns of Table I and II in [54] . In this way the Adlers zero for a soft scalar in various EFTs can be read off by studying soft behavior of their CHY formulas. By performing the same analysis in 4d, one can we see that A n=2k → O(τ ) as the soft momentum of a scalar, fermion or photon becomes soft with τ → 0. One can also see this explicitly from eq. (5.10) in [22] . The important fact we would like to stress here is that the proof of Adler's zero in amplitudes is based on the knowledge of amplitudes and is inferred from their explicit expressions in [21] , [22] .
In our proof we never use the explicit knowledge of amplitudes, but we use the symmetry of the action in the framework of the background field method. The crucial feature for the universal proof of the vanishing of the soft limit for bosons and fermions is due to the presence of a constant term in the symmetry transformation. In general, we have derived a relation between the soft limit of the n-point amplitude and the (n − 1)-point amplitude, see (3.22) , (3.23) . But for models with only even amplitudes a single soft limit of the 2n-point amplitude always vanishes, universally, when symmetry involves a constant shift.
A multi-component physical state
The constraint shown in (4.2) has a simple interpretation: When the physical state, described by the free field φ i 0 is a multi-component state, the symmetry in (4.2) relates the n point amplitudes with states in the multi-component field. For example, in case of linear supersymmetry it relates n-point amplitudes in the same supermultiplet. A well know example, used also recently in [21] is based on amplitudes in application to nonlinear symmetries in DBI-VA model. They depend on a manifest N = 4 supersymmetry of the physical state given by an on-shell superfield for photons, photinos, and scalars
The reason why using this multiplet represents an example of eq. (4.2) is that any 2n-point amplitude describes all states of the multiplet, the relation between them corresponds to the symmetry which in general is given in eq. (4.2). This is still a manifestation of the linear part of the symmetry, it does not mix the amplitudes with different number of points.
Nonlinear symmetry and relation between amplitudes with different number of points
So far we have only identified the effect of the constant term in the nonlinear symmetry transformation, δ shift φ i 0 , (3.20) as well as the linear field-dependent transformδ in (2.9). It is particularly simple in models with 'even only' amplitudes where it leads to a universal and simple proof of the vanishing single soft limit in all tree level S-matrix amplitudes of a given number of points, as well as a symmetry under a group transformation. For a fixed number of points the linear symmetry of the form (2.9) relates amplitudes of a given multiplet to each other, with the same number of points.
The main effect of nonlinearity, in addition to vanishing single soft limit in all tree level S-matrix amplitudes follows from a fact that the on-shell S-matrix Γ(φ 0 ) can be also presented as a function of the background field φ, as shown in eq. (3.16). The fact that under transformation of the background field (3.1) the action is invariant, when field equations are satisfied, see (3.5), (3.6)
means that terms in the action with different powers of φ are related, due to the nonlinearity of the symmetry 6 . When the dependence on φ is replaced via eq. (3.14) the relation between different powers of φ 0 in the expansion of
may be deduced, in principle.
The relation between the single soft limit and double soft limit probing the coset space structure of models with spontaneously broken symmetry and the background field method proposed here needs to be studied in various models. It is important to stress, however, that the constraint on amplitudes presented in (3.16), (5.2) was derived from the path integral saddle point expansion and the rhs of the constraint (5.2) has the complete information about the nonlinear (super) symmetries of the model. Therefore it is not surprising that the algebra of the symmetries shows up universally in the double-soft limit.
It might be useful to remind the following identity. The symmetry of the action in the form of eq. (3.3) can be given in the form
We can now perform the variation of this identity over the fields taking into account that there is no variation from the rhs of this equation. We find that
Double-soft limit
Consider a nonlinear symmetry transformation of the identity (5.4) with the parameter ξ . We find that
We can also present this expression separating the algebra term with the structure constant and terms depending on S ,i which have to be taken into account carefully, before dismissing:
This identity might be useful for understanding the universality of the double-soft limit. In the approximation when we keep in the first term in (5.6) only the field-independent constant term, it is equivalent to taking a double-soft limit. The remaining terms in this identity define this double-soft limit. For example the second term depends universally on the algebra of two transformations with spontaneously broken symmetry which has such constant terms.
Triple-and multiple-soft limit
Now we perform the symmetry variation of the identity above, namely, consider a nonlinear symmetry transformation with the independent parameter ξ . The result is
All terms in · · · can be written down by performing a variation of each term in (5.6) over φ i 3 and by multiplying the result by the symmetry variation R i 3 γ ξ γ . The first term has a part where each R i 1 α and R i 2 β and R i 3 γ are constant matrices, reflecting the constant term in the symmetry, like δ shift (3.20) . This terms is associated with the triple-soft limit, whereas all other define its value according to identity (5.7).
For the multiple-soft limit one finds an analogous type constraint, after performing multiple symmetry transformation so that
Here the first term where we keep only δ shift ξ φ i 0 = R i α (0)ξ α is the multiple-soft limit, the remaining terms define its value according to identity (5.8).
To summarize, one can view the identity (5.2) for the sum of the amplitudes of all number of points together with nonlinearity of the symmetry transformation of the background field shown in (5.1) which restricts the rhs of the identity (5.2), as a generalization of the standard background method used in [29] , [32, 33] in case of linear symmetries.
The new feature here is the presence of a constant field independent term in (5.1), which in the most general case defined a single soft limit for an n-point amplitude via an n−1 amplitude as shown in (3.23) . In particular, when there are only even amplitudes, it means that in the single soft limit all amplitudes vanish. Another new feature is that the identity (5.2) encodes a complete information about a nonlinear symmetry and its algebra, and requires some relation between amplitudes of various number of points.
These relations can be seen, for example, as the soft limit on the amplitudes, related to the soft limit of the background field described above.
Short comments on recent relevant papers
The studies of amplitudes in VA theory were initiated in [20] . The 4-point and 6-point amplitudes of VA model have been computed recently in [25] and confirmed in [21, 22] . Moreover, a complete all-tree amplitude expression was derived in [21, 22] . It was also stressed that the case of maximaly supersymmetric DBI-VA theory leads to a nice and elegant Smatrix formula, comparative with other models with nonlinear symmetries where also the new S-matrix expression were derived.
Using the new amplitudes it was shown in [21, 22] that all amplitudes in an one-particle soft limit vanish, whereas in the double soft limit n-point amplitude is related to the n − 2 point amplitude via an expected relation [47, 48] associated with the algebra of two nonlinear supersymmetry transformation.
The fermions in DBI-VA are in the SU (4) R-symmetry group. A choice of the fermion amplitudes was made as follows: the fermions ψ were taken with the R-charge (123) and the fermionψ with a charge (4). This results in fermion amplitudes of the same type we would get in N = 1 pure VA theory. Namely, in notations of [22] 
This expression is unique, by helicity and dimension. The 6-point amplitude defined as A DBI−V A 6
(1 ψ , 2ψ, 3 ψ , 4ψ, 5 ψ , 6ψ) is also given by a rather compact formula in which every term out of 9 has a factor like A DBI−V A 4 times some other functions. Moreover, the property of the single and double soft limits follow from the 6-point amplitude by a direct observation. Therefore the soft limits look like footprints of the corresponding symmetries. This idea that soft limits are footprints of nonlinear symmetries was proposed and developed with regard to E 7(7) symmetry in N = 8 supergravity in [49] . Here we have done more, we have shown how the nonlinear symmetry affects the amplitudes directly, via eq. (3.16), not just via soft limits.
The double-soft limit in DBI-VA model relates amplitudes with two soft particles of spin s = 0, 1/2, 1 to amplitudes without these 2 particles. The small parameter t → 0 is introduced
Here we use the results in the form given in [21] . For s = 1/2, for soft fermions, one can see that if either q or p actually vanish so that
2ka·(p+q) = ±1, the amplitude vanishes as the single soft limit theorem is predicting. Also in s = 1/2 case
In the limit of vanishing t the spinors can be replaced by a momentum independent constant spinors
The nonlinear supersymmetry (1.1) has the following algebra
Thus the non-vanishing of the double-soft limit in (6.2) is due to a non-commutative nature of the spontaneously broken symmetry generators, as expected.
7 Nonlinear symmetry and quantum theory/higher derivative terms
When quantum corrections in models with nonlinear symmetry are computed, and UV divergences are identified, one can think of adding the relevant counterterms to the original action, with the purpose to absorb these infinities. A special property of the nonlinear symmetries is that adding new terms to the action modifies the form of the symmetry. This is different from gauge models or gravity where the symmetry of the classical action with higher derivative terms is the same as in classical theory, see for example eqs. (1.3) and (1.4). There are some interesting examples studied in the past which we will shortly describe here.
Born-Infeld with Higher Derivatives
It was proposed in [43] that a consistent procedure for constructing higher derivative terms with duality symmetry on vectors, including the E 7(7) symmetry, requires to start with the so-called initial source of deformation, which has to be duality invariant and must depend on duality doublet with independent upper and lower components. In case of U (1) duality symmetry the corresponding procedure to produce BI models with higher derivatives was presented in [55] . The procedure preserves the U (1) duality of the classical action, by deforming the symmetry simultaneously with deforming the action. In [56] this procedure was explicitly realized, a recursive algorithm was given how to find all higher-order terms in the action of the form λ n ∂ 4n F 2n+2 , which are necessary for the U (1) duality current conservation. In these models the duality invariant source of deformation had 4 derivatives and 4 fields. It was argued in [56] that the class of models with ∂ 2m F 2n can also be presented with a complete deformation, so that the U (1) duality is satisfied, starting with more general sources of deformation. For example, one can start with the open string 4-point amplitude with higher derivatives. It was established in [57, 58] that electromagnetic selfduality is satisfied to all orders in α for the four-point function sector of the four dimensional open string effective action. Their argument is valid for any number of derivatives in the 4-point function but up to higher order corrections related to n-point amplitudes with n > 4. Maybe one can try to make progress here by producing an explicit U (1) duality invariant action with higher derivatives, starting with open string Veneziano-type 4-point amplitude.
To summarize, the U (1) duality models are not unique, depend on the choice of the BI-type action and the choice of initial source of deformation, and, maybe, it is possible to further clarify some important models of this kind, including the open string theory, with infinite number of derivatives.
Duality groups of type E7 and higher derivatives
Few years ago there was a proposal in [41, 42] to sort out the action of E 7(7) symmetry on vectors, by taking into account that the classical Noether construction [1] has to be replaced by a NGZ formalism [4] . For scalars, in the case of E 7(7) , the symmetry is described as proposed in sec. 3 of this paper, it is a Noether-type symmetry [1] . The conclusion in [40] , that starting with 7 loops the candidate counterterms are not forbidden, was based on the scalar soft limit due to E 7(7) symmetry. Meanwhile, the action of E 7(7) on vectors, a duality symmetry, is not described by Noether construction. The E 7(7) symmetry does not act on the field A µ (an integration variable in the path integral), but it acts on a duality doublet constructed from the fields strength and a dual to a functional derivative of the action over the field strength, F µν , G µν , whereG µν = 2 δS δFµν . The corresponding identities generalizing the ones by Noether were derived in [4] . These NGZ identities are complicated, in general, but they are simplified when E 7(7) duality symmetry is consistently truncated to U (1) duality symmetry.
The effect of the E 7(7) symmetry in the vector sector was studied in [41] [42] [43] [44] [45] . In particular, it was observed in [44] that the conclusion concerning E 7(7) symmetry in N = 8 supergravity supporting the UV finiteness, in absence of anomalies, is valid for N ≥ 4 supergravities where duality group is of the type E7 7 .
After the study in [44] it was discovered in [60] that the 4-loop UV divergence of N = 4 supergravity might be related to U (1) anomaly, which is a subgroup of the SL(2, R) part of duality [61] . It was also discovered that the 4-loop UV divergence of N = 5 supergravity is cancelled, [62] . Both of this computational facts appear to be in agreement with the predictions made in [44] based on an analysis of the duality current conservation. In N = 4 supergravity the duality group is SU (4) × SL(2, R), which belongs to E7 type. The anomaly of SL(2, R) makes the formal prediction in [44] of UV finiteness invalid. Note that SU (4) without SL(2, R) is not of E7 type.
In N = 5 the 10 vector field strengths and their duals form a three-fold antisymmetric irreducible representation 20 of the U-duality SU (1, 5). There is a unique algebraically inde- 7 It was explained in [59] that all extended supergravities with N ≥ 4 have duality groups of the type E7.
The essence of groups of type E7 is that they have unique quartic invariants for symplectic representations and there is no quadratic invariant for a single duality doublet.
pendent quartic invariant polynomial in the 20 of SU (1, 5) , [63] . There is no known anomaly. It appears that the prediction [44] of the absence of the 4-loop UV divergence of N = 5 supergravity is confirmed in [62] . The computation in [62] taken together with the analysis in [44] makes it plausible that other models of N ≥ 5 supergravity might be finite for the number of loops L = N − 1, for example in case of N = 8 at 7 loops. It would also suggest that only the analysis of the scalar soft theorems due to E 7(7) symmetry may be incomplete and the vector sector duality current conservation may need an additional study.
It may be important also to understand the recent observation in [64] that the conformal anomalies proportional to a square of the Weyl tensor C µνρσ C µνρσ as well as the ones proportional to a Gauss-Bonnet term, all cancel in N = 5, 6, 8 supergravities. In conclusion, a better understanding of the complete consequences of E 7(7) symmetry for N ≥ 5 supergravity would be desirable.
D3 brane and UV completion of constrained multiplet models in string theory
In cosmology the existence of constrained N = 1 superfields is helpful for inflationary model building, see for example, [10] [11] [12] and for a simple description of dark energy, [13] [14] [15] [16] . Constrained multiplets 8 are associated with nonlinearly realized supersymmetry. A natural issue in these models concerns possible role of quantum corrections, unitarity and UV completion. It has been recognized a while ago that the nonlinear supersymmetry is associated with the physics of D-branes in string theory, see for example [69] [70] [71] [72] and references therein. But recently it become easier to address the issues of UV completion of cosmological models, when it was established in details, that constrained multiplets are present on the world-volume of the D3 brane. Namely, the nilpotent multiplet
equivalent to VA nonlinear goldstino theory provides a supersymmetric KKLT uplifting, [73] . But also other constrained N = 1 superfields are present on D3 brane, [18, 19] , which includes 'partnerless' multiplets,
and, for example an orthogonal to the nilpotent one, which is particularly useful in the role of an inflaton multiplet
8 A nilpotent multiplet with a single constraint S 2 = 0 was introduced in [65] , the scalar-less one, S Y = 0 in [66] , a gaugino-less one of the Born-Infeld type W 2 + S(1 −
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2S ) = 0 and SWα = 0 in [67] , and finally the relaxed multiplets SDαH(x, θ,θ) = 0 and the orthogonal nilpotent one S(Φ −Φ) = 0 in [68] .
In view of the fact that these constrained N = 1 superfields are packaged on the world-volume of D3 brane, one may try to use the known information about quantum corrections to D3 brane action. The details of the action upon gauge-fixing a local fermionic κ-symmetry, are given in Appendix. The action has 16 deformed Maxwell supersymmetries and 16 VA type non-local supersymmetries. The first-loop level logarithmic divergence to D3 action was computed in [74] using the helicity amplitudes method. The result in the 4-vector sector is
is defined in [75] . A related computation was performed in [76] , for the N = 2 supersymmetric BI action using the supergraphs in N = 1 superspace. The UV divergence was also given in terms of N = 1 photino superfields, W α ,Wα and is proportional to
where one can get the 4-fermion part as well as the 4-vector part. The 4-vector part is the one in eq. (7.4). Additional terms depend on scalars. It was noticed in [76] that such terms have been obtained in the past for scattering amplitudes of vector fields in type IIB string theory on the D3-brane and earlier in type I open string theory [75] , where the result is
Expressions in (7.4) and (7.5) correspond to the first terms in the α expansion of (7.6). It is well known that at large s and fixed t/s, fixed angle, the high-energy behavior of the full string theory amplitude in (7.6) is excellent. There is no unitarity problem for constrained multiplets in the context of string theory. In a situation when one can embed the constrained N = 1 multiplets into a package corresponding to D3 brane, one can view it as a UV completion of the models which are useful in cosmology.
Summary
The recent studies of amplitudes in theories with nonlinear symmetries, starting with [20] and most recent results in [21] [22] [23] have the following features. The amplitudes for these models were explicitly constructed and the observation was made about the soft limits for NLSM (nonlinear sigma models) and their supersymmetric version, VA models and DBI-VA model [17] . These bosonic and fermionic models have a vanishing single soft limit, the Adler's zero, and the double soft limit is controlled by the G H coset algebra.
The properties of amplitudes concerning the soft limits discovered in [20] [21] [22] [23] may be viewed as a postdiction, based on construction of amplitudes, rather than prediction based on symmetry. Our goal here was to use the existence of the action with nonlinear global symmetries to predict these and other features of amplitudes, i. e. to find an analog of Ward-type identities which control the amplitudes.
In the past the background field method for non-Abelian gauge theories and gravity [29] was instrumental in describing the properties of the tree level gauge-independent S-matrix elements as well as in making predictions about the quantum corrections in these theories, [32] [33] [34] [35] . Here we have generalized this method for the case of nonlinear symmetry. Our results for tree amplitudes are the following.
1. The sum of all n-point amplitudes A i 1 ...in when contracted with free fields
is also given by a functional of the background field φ i
where ∆[φ 0 ] is an infinite tree functional given in eq. (3.14). This follows from the saddle point expansion of the path integral for the S-matrix. This identity requires that all on-shell n-point amplitudes A i 1 ...in have some properties such that the identity (8.1) is valid. A known manifestation of these properties is in soft limit of these amplitudes.
2. In general, when the symmetry transformation δφ i has a constant-field independent part R i α (0)ξ α , corresponding to spontaneous breaking of symmetry, the formalism above predicts the Adler's zero for a single soft limit, in all models which have only even amplitudes, like in VA and DBI-VA models,
as shown in eq. (8.3). Here we take into account that R i α (0) = R i α (0), i. e. the constant field-independent part of symmetry transformation is the same for the free field as well as for the unconstrained field in the action. When the model has even and odd amplitudes, a more general relation between n-and (n − 1)-point amplitudes replaces the Adler's zero for a single soft limit and is shown in eq. (3.23).
3. The double-soft limit is shown here to depend universally on the commutator of two spontaneously broken symmetries. The corresponding identity has the form S ,ji 1 i 2 R where we omitted other terms, shown in a complete form of this equation in eq. (5.6). The first term in (8.4) presents the double soft limit of the background field expansion (8.2) as a function of free fields, when two fields have soft momenta, the second term shows that the structure constants of the commutator of two spontaneously broken symmetries enter the identity above, and therefore characterize universally the double-soft theorems. 4. Multi-soft limit is explained using the symmetry variation of the identity used for double-soft limits. The procedure of deriving the identity defining the n-soft limit of (8.2) is explained in the paper and suggest how to get the terms with · · · in eq. below.
S ,ji 1 ...in R The triple and higher n-point soft limit for nonlinear symmetries have not been studied, to the best of our knowledge.
We plan to present the examples of the background field method with nonlinear symmetries in specific models in future publications. The example as to how the identities above work in VA theory will be given in [77] . where G µν and F µν are given by a fermion-dependent pull-back to the world-volume of the ten-dimensional geometry and a 2-form: 
The action also has a global shift symmetry
This symmetry is a surviving part of the Poincaré translation symmetry in d = 10, φ I = X I → X I + a I for I = 1, ..., 6. Another symmetry is the local U (1) symmetry of the gauge-field A µ . The linearized action (A.2) and the linearized susy -rules in (A.4) were shown in [17] to give an N = 4 Maxwell action, namely 9) where the d = 4 left-handed chiral spinor is assigned to the fundamental representation of SU (4), and carries an upper SU (4) index; right-handed components will then transform according to the conjugate representation, and have a lower index. The scalars ϕ ab are selfdual, ϕ ab = − 1 2 abcd ϕ cd . The action (A.9) is invariant under the 4 linear a supersymmetries.
All fields of this linear N = 4 vector multiplet, a vector, 4 spinors and 6 scalars are linear -partners. However, at the nonlinear level these fields belong to constrained multiplets, [18, 19] .
